
3. FORCE OSCILLATIONS 

Introduction- 

When body oscillates due to restoring force but oscillations of body die out due to resistive force 

of the medium these oscillations are called are called damped oscillations. When we maintain the 

oscillations of the body external force must be required periodically, this force is called periodic 

force. This force maintains the oscillations so called driving force. For example swing machine. 

Equation of force oscillation-  

When a body is set into oscillations due to external periodic force, three forces are acts on the 

body. 

1. Restoring force  

2. Damping force  

3. The external resistive force 

  𝑹𝒆𝒔𝒕𝒐𝒓𝒊𝒏𝒈 𝒇𝒐𝒓𝒄𝒆 ∝ 𝒙                                 𝑓 ∝ 𝑥 𝑎𝑛𝑑 𝑓 ∝
𝑑𝑥

𝑑𝑡
 

 𝑹𝒆𝒔𝒊𝒔𝒕𝒊𝒗𝒆 𝒇𝒐𝒓𝒄𝒆 ∝ 𝒗𝒆𝒍𝒐𝒄𝒊𝒕𝒚                   𝑓 = −𝑘𝑥 𝑎𝑛𝑑 𝑓 = −𝑅
𝑑𝑥

𝑑𝑇
 

The external periodic force “f0 sinqt ,”  Where f0 is amplitude and q is angular frequency of the 

applied force. The total force acting on the body is, 

𝐹 = −𝑘𝑥 − 𝑅
𝑑𝑥

𝑑𝑡
+ 𝑓0 sin 𝑞𝑡 

According to Newton’s 2nd laws, 

F= ma  

𝐹 = 𝑚
𝑑2𝑥

𝑑𝑡2
 

Compare above to equation, we get second order, linear and homogeneous differential 

equation in x.  

𝑚
𝑑2𝑥

𝑑𝑡2
+ 𝑅

𝑑𝑥

𝑑𝑡
+ 𝑘𝑥 = 𝑓0 sin 𝑞𝑡 

This is differential equation of forced oscillations. This is second order, linear and 

inhomogeneous differential equation in x. It has two parts, 

1. Complimentary function  

2. Particular integral   

Complimentary function is the solution of equation  



𝑚
𝑑2𝑥

𝑑𝑡2
+ 𝑅

𝑑𝑥

𝑑𝑡
+ 𝑘𝑥 = 0 

The oscillatory solution of the above equation is,  

𝑥 = 𝑎𝑒− 
𝑅𝑡
2𝑚 sin (𝑝𝑡 + 𝜃) 

P is the angular frequency of damped oscillations. The particular integral of the above equation 

is, 𝑥 = 𝐴𝑠𝑖𝑛(𝑞𝑡 − ф) 

Where, A and ф are constants. Thus, the general solution of equation is,  

𝑥 = 𝑎𝑒− 
𝑅𝑡

2𝑚 sin (𝑝𝑡 + 𝜃) + A sin (qt- ф) 

The initial stage, in which the two types of motion are both, prominent is called transient.  

𝐴 =
𝑓0

√(𝑘 − 𝑚𝑞2)2 + 𝑅2𝑞2
 

𝑡𝑎𝑛ф =
𝑅𝑞

𝑘 − 𝑚𝑞2
 

Characteristics of forced Oscillations: 

1. Amplitude- 

The amplitude of forced oscillations is given by,  

𝐴 =
𝑓0

√(𝑘 − 𝑚𝑞2)2 + 𝑅2𝑞2
 

We have, 𝑘 = 𝑚𝜔2 

𝜔 = natural angular frequency of the body 

  

𝐴 =
𝑓0

√(𝑚𝜔2 − 𝑚𝑞2)2 + 𝑅2𝑞2
 

𝐴 =
𝑓0

𝑚√(𝜔2 − 𝑞2)2 +
𝑅2𝑞2

𝑚2

 

 

Thus, amplitude is independent of time, but depends on R and(𝜔2 − 𝑞2). 

Amplitude increases as(𝜔2 − 𝑞2) decreases and R decreases. 

The variation of the amplitude A with angular frequency of applied force as shown in figure 
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  𝑞 < 𝜔           𝑞 = 𝜔              𝑞 > 𝜔 q 

Variation of amplitude with frequency 

2. Phase- 

The phase of oscillation is given by  

𝑡𝑎𝑛ф =
𝑅𝑞

𝑘 − 𝑚𝑞2
 

𝑡𝑎𝑛ф =
𝑅𝑞

𝑚𝜔2 − 𝑚𝑞2
 

𝑡𝑎𝑛ф =
𝑅𝑞

𝑚(𝜔2 − 𝑞2)
 

The phase depends on(𝜔2 − 𝑞2) and R  

Condition tan ф Angle ф 

𝑞 < 𝜔 Positive 0 < ф <
𝜋

2
 

𝑞 = 𝜔 Infinity 𝜋

2
 

𝑞 > 𝜔 Negative 𝜋

2
< ф < 𝜋 

3. Frequency- 

The angular frequency of forced oscillations is same as that of forcing frequency q , thus 

frequency of forced oscillations is 
𝑞

2𝜋
.  

The mechanical resonance has two types 

1. Amplitude resonance 

2. Velocity resonance 

 



1. Amplitude resonance- 

The amplitude of forced oscillation is,  

𝐴 =
𝑓0

𝑚√(𝜔2 − 𝑞2)2 +
𝑅2𝑞2

𝑚2

 

The amplitude of oscillator is Maximum when denominator of above equation is Minimum. The 

denominator is depends on driving frequency q. 

𝑞 = √𝜔2 −
𝑅2

2𝑀2
 

Angular frequency of forced oscillations at which amplitude is maximum, when damping is very 

small, we can neglect the term 
𝑅

2𝑚
  and we can get 𝑞 = 𝜔, 

Thus, for low damping the amplitude of oscillation is Maximum, the angular frequency of 

applied force is equal to natural frequency called amplitude resonance.  

             A 

            Amax 

 

 

 

                              q 

            𝑞 < 𝜔      𝑞 = 𝜔      𝑞 > 𝜔 

 When 𝑞 = 𝜔      amplitude is maximum and is given by, 

𝐴𝑚𝑎𝑥 =
𝑓0
𝜔𝑅

 

Amax is inversely proportional to damping coefficient R. 

R=0, Amax =∞. 

2. Velocity resonance- 

The displacement of forced oscillation is x=A sin (qt-ф) 



Velocity V= 
𝑑𝑥

𝑑𝑡
 

V = AqCos (qt-ф) 

V =V0 cos(qt-ф) 

V0=Aq called velocity amplitude. 

V0= 
𝑓0

𝑚√(𝜔2−𝑞2)2+
𝑅2𝑞2

𝑚2

 

The velocity of amplitude is depends upon denominator, The velocity amplitude is maximum 

denominator is minimum.  

𝑞 = 𝜔     The velocity amplitude is maximum, the driving angular frequency is equal to natural 

frequency is called velocity resonance. 

V 

Vmax 

 

 

 

 

                 𝑞 < 𝜔    𝑞 = 𝜔      𝑞 > 𝜔             q  

𝑞 = 𝜔     , Vmax=
 𝑓0

𝑅
 

At velocity resonance, 

 tanф=∞,  ф =
 𝜋

2
 

i.e. at resonance the displacement and applied force have phase difference 
𝜋

2
  or 900 

Energy equation of forced oscillations- 

𝑚
𝑑2𝑥

𝑑𝑡2
+ 𝑅

𝑑𝑥

𝑑𝑡
+ 𝑘𝑥 = 𝑓0 sin 𝑞𝑡 Is the equation of forced oscillation used for calculating the 

energy of forced oscillations, Total energy =K. E +P. E  

Total energy is the average rate of absorption of energy due to oscillating body and the average 

rate of dissipation of energy due to external damping force, these values are equal in magnitude 



and opposite in direction, so average energy over a cycle of oscillation is constant. i. e. 𝐸⃗ =

𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡.  

Quality factor of forced oscillation- 

The quality factor is an efficiency of oscillator. 

𝑄 = 2𝜋
𝐸𝑛𝑒𝑟𝑔𝑦 𝑠𝑡𝑜𝑟𝑒𝑑

𝐷𝑖𝑠𝑠𝑖𝑝𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑒𝑛𝑒𝑟𝑔𝑦 𝑖𝑛 𝑜𝑛𝑒 𝑜𝑠𝑐𝑖𝑙𝑙𝑎𝑡𝑖𝑜𝑛
 

𝑄 =
𝑚𝜔

𝑅
 

Power and Bandwidth of forced oscillation- 

The Bandwidth ∆q is defined as the difference in angular frequency of applied force for which 

power falls from 𝑃⃗ 𝑚𝑎𝑥 to 
𝑃⃗ 𝑚𝑎𝑥

2
 and 𝑃⃗ 𝑚𝑎𝑥= 

𝑓0
2

2𝑅
 

      P 

                                                       Pmax 

  Pmax 

                                                       
𝑃𝑚𝑎𝑥

2
 

                                      ∆q 

 

              𝑞 < 𝜔    𝑞1      𝑞 = 𝜔   𝑞2     𝑞 > 𝜔   Forcing frequency 

Bandwidth of forced oscillation is, ∆q = 
𝑅

𝑚
 and   Quality factor Q is, 

𝑄 =
𝑚𝜔

𝑅
 so, Q = 

𝜔

∆𝑞
 

LCR series circuit- 

 

 

 L 

E= E0sinωt 

 C 

 



Electrical resonance- 

The current through LCR circuit is maximum when impedance is minimum.  

Peak value of current is, 

𝐼0 =
𝐸0

√(
1

𝜔′𝑐 −𝐿𝜔′
) + 𝑅2

 

Here, this equation is shows impedance of the circuit and it depends upon frequency of applied 

emf, impedance of the circuit will be minimum at particular angular frequency 𝜔′ = 𝜔 

 (
1

𝜔′𝑐
−𝐿𝜔′

)𝜔′=0 

(
1

𝜔′𝑐
−𝐿𝜔′

)=0  

𝜔 =
1

√𝐿𝐶
 

This frequency is called resonant Angular frequency for which current is maximum. 

𝑓𝑟 =
1

2𝜋√𝐿𝐶
 

At resonance, tanФ= 
𝑅

1

𝜔𝐶
−𝜔𝐿

 =infinity At, Ф =
𝜋

 2
 

 


