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Chapter 1. Partial Differentiation

Partial differentiation is a fundamental concept in calculus used when dealing with func-
tions that depend on two or more variables. It involves finding the rate of change of
a function with respect to one variable while keeping the other variables constant. For
example, if a function depends on both x and y, the partial derivative with respect to
x measures how the function changes as x changes, assuming y stays the same. This
is especially useful in real-world problems where many factors affect the outcome. Par-
tial derivatives are used to study curves and surfaces, to find maxima and minima of
multivariable functions, and to develop mathematical models in science and engineering.

Partial differentiation has many practical applications. In physics, it is used to de-
scribe heat flow, wave propagation, and electric or magnetic fields. In engineering, it
helps analyze stress and strain in materials, optimize designs, and solve problems in fluid
mechanics. In economics, it is used to study how changing one factor (like price or de-
mand) affects outcomes like profit or cost, while keeping other variables constant. In
chemistry, partial derivatives are very useful in thermodynamics, where properties such
as pressure, volume, temperature, and entropy depend on multiple variables. For exam-
ple, the rate at which pressure changes with volume at constant temperature is a partial
derivative. They are also used in studying chemical kinetics to understand how the con-
centration of one reactant affects the reaction rate, and in equilibrium analysis where
multiple factors influence the balance of a chemical reaction. It is also essential in biol-
ogy and environmental science when modeling systems with many interacting variables.
Overall, partial differentiation is a powerful mathematical tool that helps us understand
and solve complex problems involving several changing quantities.

1.1. Definition of function of several variables

Definition (Function of Two Variables):

A function of two variables assigns a real number z to each ordered pair (z,y) in a region
of the xy-plane.

We write this as:

z:f(x,y)

where  and y are real numbers, and f(x,y) is a real-valued function.

Generalization (Function of n Variables):
A function of n variables assigns a real number to each ordered n-tuple (z1,za, ..., 2,).
We write this as:

f R =R, f(xy,29,...,2,)

This means the function takes n real inputs and gives one real output.



1.2. Definition of the partial derivative:

For a function of two variables f(x,y), we may define the derivative with respect to z,
for example, by saying that it is that for a one-variable function when y is held fixed and
treated as a constant. To signify that a derivative is with respect to x, but at the same
time to recognize that a derivative with respect to y also exists, the former is denoted
by % and is the partial derivative of f(z,y) with respect to x. Similarly, the partial
derivative of f with respect to y is denoted by g—i.

To define formally the partial derivative of f(x,y) with respect to x, we have

Or  Az—0 Az ’

(5.1)

provided that the limit exists. This is much the same as for the derivative of a one-
variable function. The other partial derivative of f(z,y) is similarly defined as a limit
(provided it exists):

Jy C Ay—0 Ay

. (5.2)

It is common practice in connection with partial derivatives of functions involving more
than one variable to indicate those variables that are held constant by writing them as
subscripts to the derivative symbol. Thus, the partial derivatives defined in (5.1) and
(5.2) would be written respectively as

(), = (5)
oz ), oy ),

In this form the subscript shows that which variable is kept constant. Further, the
extension of the definitions (5.1), (5.2) to the general n-variable case is straightforward
and can be written formally as

Of (x1,x9,...,2y,) — im flzr,@e, .z + Axyy oo xy) — fXy, Ty 2y, Ty)
al’i Az;—0 A.TZ ’

provided that the limit exists Just as for one-variable functions, second (and higher)
partial derivatives may be defined in a similar way. For a two-variable function f(z,y),

they are
o (ory_ s, o (o) o
or \ox /) 0z " oy \oy/) oy W

o (0f\  Pf o (0f\  Pf
%(a_y)‘axay‘f”’ a_y(a_x)‘ayax‘f”

Only three of the second derivatives are independent since the relation

o*f  of

oxdy  Oyox’
is always obeyed, provided that the second partial derivatives are continuous at the point
in question. This relation often proves useful as a labour-saving device when evaluat-

ing second partial derivatives. It can also be shown that for a function of n variables,
f(z1,29,...,2,), under the same conditions,

of 0
0%8@ n (‘9%6@

>



Example: Find the first and second partial derivatives of the function

flz,y) =22y + °.

First Partial Derivatives:

% = %(293%2 +y°) = 6277,
Z_ch - 6%(21‘392 +y°) =4’y + 3y°.
Second Partial Derivatives:
% - a% (622y?) = 122,
giy]; - a% (42%y + 3y*) = 42" + 6y,
(‘)(?L’ng - a% (427 + 3y°) = 1227,
;;;; = % (6x2y2) = 1227%y.

1.3. The total differential and total derivative

Having defined the (first) partial derivatives of a function f(x,y), which give the rate
of change of f along the positive x- and y-axes, we next consider the rate of change of
f(z,y) in an arbitrary direction. Suppose that we make small simultaneous changes Ax
in z and Ay in y, and as a result, f changes to f + Af. Then we must have:

Af = f(x+ Ax,y + Ay) — f(z,y)
= [flx+Az,y+ Ay) — f(z,y + Ay)] + [f(z,y + Ay) — f(z,y)]
_ fletAzy+Ay) — fley+Ay)
Ax
Ay

Ay (5.3)

In the last step, we observe that the expressions inside the brackets are very similar to
the definitions of the partial derivatives given in equations (5.1) and (5.2). To make
them exactly equal to the partial derivatives, the values of Az and Ay would need to be
extremely small almost zero. However, even when Az and Ay are small but not zero,
we can still use the following approximate formula:

_ 0f(z,y) 0f(z,y)

Af e 25T N DI A 4
f 5 T+ o y (5.4)

Note that the first term in equation (5.3) is actually closer to the partial derivative
w, but in formula (5.4), we have replaced it with W. This is a valid approxi-
mation, and both versions give nearly the same result when Az and Ay are small.
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The accuracy of the approximation in equation (5.4) compared to equation (5.3)
depends not only on how small Az and Ay are, but also on the sizes of the higher-order
partial derivatives. However, if we allow the small changes Az and Ay in equation (5.4)
to become infinitesimally small, we can define the total differential df of the function
f(z,y), without any approximation, as:

of of
df = —d —d 5.5
f=gs 0+ 5,W (5.5)
Equation (5.5) can be extended to the case of a function of n variables, f(z1,xs,...,x,),
as:
of of of
df = 2L gy + 2L gy + - d .
if oz, + I, 2 + -+ Da, Lon (5.6)

Example: Find the total differential of the function f(x, y) =y exp(x + y).
Solution: Evaluating the first partial derivatives, we find
of

aof
Fr y exp(z +vy), a_y =exp(z+vy) +y exp(z +vy).

Applying equation (5.5), we then find that the total differential is given by

df = [y exp(x +y)|dz + [(1 +y) exp(z + y)] dy.

In some situations, despite the fact that several variables x;, where ¢ = 1,2,...,n, appear
to be involved, effectively only one of them is independent. This occurs if there are
subsidiary relationships constraining all the x; to values that depend on one of them, say
x1. These relationships may be represented by equations of the form:

;= xi(x), 1=2,3,...,n. (5.7)

In principle, the function f can then be expressed as a function of x; alone by substituting
from (5.7) for xq, x3, ..., x,, and then the total derivative (or simply the derivative) of f
with respect to x; is obtained by ordinary differentiation. Alternatively, equation (5.6)
can be used to write:

A _0f 0f dv L 0f s,

de, Oz, @ Oxy dr, | Or, dr,
It should be noted that the left-hand side (LHS) of this equation is the total derivative dd—ai,

whereas the partial derivative g—afcl forms only one part of the right-hand side (RHS). In
evaluating this partial derivative, one must take into account only the explicit appearances
of x1 in the function f, and no allowance should be made for the fact that changing
xq also changes x5, x3,...,2,. The contribution from these changes is represented by
the remaining terms on the RHS of (5.8). Naturally, what has been shown using x;
in the above argument applies equally well to any other variable x;, with appropriate

modifications.

(5.8)

Example: Find the total derivative of f(z,y) = 2 + 3zy with respect to z, given that

y =sin"'x.



Solution We have:

0
—f:2x+3y,

ox S

oy dr /1 — 22

Therefore, the total derivative is:

af  of Of dy 1
— =+ = - = =243y +3r ——.
dx 0x+8y dx Tyt 1— a2
Substituting y = sin™! z, we get:
df 3z

L —=92x+3sintx+

dx V1—12

1.4. Exact and inexact differentials

In the last section we discussed how to find the total differential of a function, i.e., its
infinitesimal change in an arbitrary direction, in terms of its gradients % and g—?’; in the
x- and y-directions (see (5.5)). Sometimes, however, we wish to reverse the process and
find the function f that differentiates to give a known differential. Usually, finding such
functions relies on inspection and experience.

As an example, it is easy to see that the function whose differential is
df = xdy +ydx

is simply f(z,y) = zy + ¢, where ¢ is a constant. Differentials such as this, which
integrate directly, are called exact differentials, whereas those that do not are inexact
differentials.

For example, zdy + 3ydx is not the straightforward differential of any function (see
below). Inexact differentials can be made exact, however, by multiplying through by a
suitable function called an integrating factor.

Example: Show that the differential = dy + 3y dz is inexact.

If we integrate the differential
df =z dy + 3ydx

with respect to z, treating y as a constant, we obtain:

fa.y) = / 3yde = 3ay + g(y).

where g(y) is an arbitrary function of y.
Further, if we integrate with respect to y, treating x as a constant, we obtain:

f(x.) =/xdy:xy+h<x>,



where h(z) is an arbitrary function of z. These two expressions for f(z,y) are inconsistent
for any and every choice of g(y) and h(x), since

3y + g(y) # xy + h(x)

unless y = 0, which is not generally the case. Therefore, the differential xdy + 3y dzx is
inexact.

It is naturally of interest to investigate which properties of a differential make it exact.
Consider the general differential containing two variables,

df = A(z,y)dx + B(z,y) dy.

We see that
= A(z,y) of _ B(z,y)
895 - >y ) - 7y
and, using the property that mixed partial derivatives are equal (fy, = fy.), we therefore
require

9A OB
oy  Ox’

This is in fact both a necessary and a sufficient condition for the differential to be exact.

(5.9)

Example: Using (5.9) show that x dy + 3y dx is inexact.
To show that the differential x dy + 3y dz is inexact, we compare it with the general form
of a differential:

df = A(z,y)dx + B(x,y) dy,

where A(z,y) = 3y and B(x,y) = x. ¢ The condition for a differential to be exact is:

04 _ 08
oy Oz’
Now, compute the partial derivatives:
0A  9(3y) OB  0(x)
Ay oy 3, and Ox Ox
Since
o4 0B
oy " Ox’

the condition for exactness is not satisfied. Therefore, the differential = dy + 3ydz is
inexact.

Example: Show that (y + z) dx + x dy + x dz is an exact differential.
Let the differential form be:

w=(y+z)der+zxdy+axdz

We assume that there exists a scalar function f(z,y, z) such that:

O g Oy

df = dy 0z

9



Comparing with w, we set:

or T oy T 0z

Integrate % =y + 2z with respect to x:

fla,y,2) =2(y+2) + Cly, 2)
Differentiate f with respect to y:
of oC
oy =Ty

Set equal to given value g—?’j =z = % =0

Differentiate f with respect to z:

0z 0z

Set equal to given value % =r= % = 0. So, C'is a constant. Therefore,

f(z,y,2) = z(y + z) + const

Hence,
(y+2)de+axdy+xdz =dz(y + 2)]

is an exact differential.

1.5. The chain rule and change of variables

Some useful theorems of partial differentiation: So far our discussion has centred
on a function f(z,y) dependent on two variables, x and y. Equally, however, we could
have expressed z as a function of f and y, or y as a function of f and z. To emphasise
the point that all the variables are of equal standing, we now replace f by z. This does
not imply that z,y and z are coordinate positions (though they might be). Since z is a
function of y and z, it follows that

ox Ox
_ g 11
dx (ay>zdy+<az)ydz (5.11)
and similarly, since y = y(z, 2),
_ (% Iy
dy = (&U)de—i— (az>xdz. (5.12)

We may now substitute (5.12) into (5.11) to obtain

()@ ()@ @))e e

10



Now if we hold z constant, so that dz = 0, we obtain the reciprocity relation

o0\ _ ()"
ay). \oz ).’

which holds provided both partial derivatives exist and neither is equal to zero. Note,
further, that this relationship only holds when the variable being kept constant, in this
case z, is the same on both sides of the equation. Alternatively we can put dr = 0 in
(5.13). Then the contents of the square brackets also equal zero, and we obtain the cyclic

relation
o9\ (0= (02 __|
9z ), \0z ), \0y/, 7

which holds unless any of the derivatives vanish. In deriving this result we have used the

reciprocity relation to replace (%);1 by (%)y.

The Chain rule: So far we have discussed the differentiation of a function f(z,y) with
respect to its variables z and y. We now consider the case where x and y are themselves
functions of another variable, say u. If we wish to find the derivative %, we could simply
substitute in f(x,y) the expressions for z(u) and y(u), and then differentiate the resulting
function of u. Such substitution will quickly give the desired answer in simple cases, but
in more complicated examples it is easier to make use of the total differentials described
in the previous section.

From equation (5.5), the total differential of f(z,y) is given by

0 0
df:a—idx%—a—]ytdy,

but we now note that by using the formal device of dividing through by du, this imme-

diately implies
df _ofdx  Ofdy

du” drdu dydu’
which is called the chain rule for partial differentiation.

(5.14)

This expression provides a direct method for calculating the total derivative of f with
respect to u, and is particularly useful when an equation is expressed in a parametric
form.

Example: Given that z(u) = 1+ au and y(u) = bu?, find the rate of change of f(x,y) =
re~ Y with respect to u.

d
We are asked to compute d—f, where f(z,y) = ze Y, and x = x(u), y = y(u). By the

chain rule for partial differentiation:

df _of dx of dy

= - 4
du  Oxr du 0Oy du
First, compute the partial derivatives:

of  _, of

_ -y
L —e —L = _re
ox ’



Now compute the derivatives of z(u) and y(u):

dx dy

= = —Z = 3bu?
du " du Sbu
Substitute everything into the chain rule formula:
d
d—z =e ¥ a+ (—ze?) - 3bu?
Factor out e™¥: J
% =e (a — 3bu233)
Substitute z = 1 + au and y = bu:
d
d_{a = [a — 3bu*(1 + au)]

Thus, the rate of change of f(x,y) = ze ¥ with respect to u is:

af
du

= [a — 3bu*(1 + au)]

Equation (5.14) is an example of the chain rule for a function of two variables, each
of which depends on a single variable. The chain rule may be extended to functions of
many variables, each of which is itself a function of a variable u, i.e.,

f(x1, z0, 23, ..., x,), with x; = z;(u).
In this case, the chain rule gives

O ~ofde_ ofde | ofdv | of dn,
du — Or; du  Oxy du  Ozy du Ox,, du’

(5.15)

Change of variables: It is sometimes necessary or desirable to make a change of vari-
ables during the course of an analysis, and consequently to have to change an equation
expressed in one set of variables into an equation using another set. The same situation
arises if a function f depends on one set of variables x;, so that

f:f(mlyx%"wmn)

but the z; are themselves functions of a further set of variables u; and are given by the
equations
x; = x; (U, Uy« oy Upy).

For each different value of 7, z; will be a different function of the w;. In this case, the
chain rule (5.15) becomes

OF _Nn0F 0 5y (5.17)

an —1 8£CZ an7 J T

12



and is said to express a change of variables. In general, the number of variables in each
set need not be equal, i.e. m need not equal n, but if both the x; and the u; are sets of
independent variables, then m = n.

Example: Plane polar coordinates, p and ¢, and Cartesian coordinates, = and y, are
related by the expressions

T =pcos¢, y=psing,

as can be seen from Figure. An arbitrary function f(x,y) can be re-expressed as a
function g(p, ¢). Transform the expression

9%f  O2f
522 T a2

into one in p and ¢.

Figure 1: The relationship between Cartesian and plane polar coordinates

Transformation of the Laplacian to Plane Polar Coordinates: Plane polar coor-
dinates p and ¢ are related to Cartesian coordinates x and y by:

T =pcos¢, Y= psino.
Let f(x,y) = f(p, ), where the variables p and ¢ are defined as:

p=+12+y? ¢=tan’ (%) .

We want to compute:
02f  O*f
Vif = =+ —
/ 0x? + oy?
and express it in terms of p and ¢.
Step 1: First-Order Derivatives Using the Chain Rule

By the multivariable chain rule:

of _0f 0p  0f 99

%_Gp

ox 8_(;5835
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of _of op  0f 9

dy 9p dy 9o dy

We compute the derivatives:

@—L—cos@ —p—sinq§
aQZ_q/x?—}—yQ_ ’ 83/_
%__ Y __sinqﬁ @ x cos<b
or — 22+y>  p Oy a?+y? p
Thus,
of _of . 190f .
ar  9p 0T L5650
of _of 19f
o 8p ing + a¢cosgz§

Step 2: Second-Order Derivatives

We now compute:
Or_ 0 (of\ g4 Zf_0 (0f
0z Ox \ Ox oy?2 oy \ Jy

The computation is lengthy but follows by applying the product and chain rule to the
first derivatives. The result, after simplification, is:

0? 0? 0? 10 102

O _Of 10f 10

dx®  Oy*  Op* pOp p*O¢?

Thus, the Laplacian in plane polar coordinates is:
82 1 0
pOp 3¢2

Exercise:

Example 1: Using the appropriate properties of ordinary derivatives, perform
the following.

(a) Find all the first partial derivatives of the following functions f(z,y):
(1) f(z,y) = 2%

of _ of _

9 2xy, ay =
(i) flz,y) =2"+y* +4

of _,. 9 _,

Ox T Oy Y

(iii) f(z,y) = sin (5)



(iv) f(z,y) =tan™! (%)
of —y of x

%:xQerz’ 8_y_m2—|—y2

(v) r(z,y,2) = Va? +y* + 27

or x or Y or z

or /22 + 2 + 22 oy /22 +y2 + 22 0z /22 + 2 + 22

o g *f 0*f o*f
(b) For (i), (ii), and (v), find 922" Oy and 900y

(i) flz,y) =2y

>Pf P f 0 B

(i) f(z,y) =2*+y*>+4

2 2 2
Of_, 01, P,
0x? oy? 0x0y

(V) r(z,y,2) = /22 +y? + 22 Let r = (22 + 9 + 22)1/?
Then,
9*r y? + 22 0%r B x? + 22 9*r —zy

0r2 B2+ 12+ 2232 9y (22 + 42+ 22)%2)  Oxdy - (22 + 32 + 22)3/2

2 2
(c) For (iv) verify that aiéfy = (‘fy (;;
Given f(z,y) = tan™* (¥)

First,
of  —y of x
or  a24y2 Oy a?+y?

Now compute mixed partials:

*f 0 ( —y ) @) W) +2y(—y) | 2 -y 27 2?4y

Oxdy ~ oy \a? + ¢ (a2 +y?)? @y (@ +R)
*f 0 T (@) -2z 2?4yt - 227 —a 4P
oyor  Ox \a2+y2) (22 + y2)2 T @+ 2?2 (22422

Hence,

2f &
oxdy  Oydx

15



Example 2: Determine which of the following are exact differentials
To determine whether a differential expression

M(x,y)dx + N(z,y) dy

is exact, compute the partial derivatives:

oM 4 ON
dy M hr

If they are equal, the differential is exact.

(a) Bz +2)ydr+z(z+1)dy

M= (3z+2)y, N=ux(r+1)

oM ON
3y 3z + 2, o x4+

oM ON 110t exact.

Since By Bz

(b) ytanz dx + x tany dy

M =ytanx, N =uxtany

— =tanzx, —— =tany

oy ox

Since %—]\; %—JZ, not exact.

(c) y*(Inz + 1) dr + 2zyInz dy

M =y*(Inx+1), N=2rylhz

M N
0 =2y(lnx + 1), aa——Zylnx—i-Zy
x

dy
Simplify:
oM ON
— = 2y(l 1 — =2y (1 1
o y(lnz + 1), o y(Inz+1)

The given differential is exact.

(d) v*(Inx + 1) dy + 22y Inx dx

Rewriting:
M =2zylnz, N =y*(Inz+1)
oM ON 1
— =2zl — =y =
dy TR ey TY %
So:
oM ON o2
— =2zlnz, — ==
dy ox x

Not equal in general. Therefore, not exact.

16



z Yy
(e) R 7 dy — e dx

Rewriting:
_ Yy L
24 y27 2 4+ y2
oM (2?4 y)(-1)+2y-y  —a?—y?+2y*  —at4y?
oy (22 +32)? @4y (@)
ON (2 +y)(1)—2z-x  2®+y*—22> —a?+y°
or (:702 + y2)2 - (xz + yz)z (mQ + y2)2
Since %—A; = %, exact.

Example 3: Show that the differential df = 2> dy — (y* + xy) dzr is not exact, but that
1
dg = — df is exact.
T

Solution:
Step 1: Check if df is exact
We write:
df = M(x,y)dx + N(z,y)dy
where:

M(z,y) = —(y* + zy), N(z,y) =2

Compute the partial derivatives:

oM ON
SR gy, =2
oy V=% 5 ¢
Since:
oM , ON
Jy ox

the differential df is not exact.
1
Step 2: Define dg = — df
Ty

Substitute:
1 2 2 —y’ —wy x?
Simplify:
1 1 T
M — | —+- N = —
(z,y) (x-%y), (2, y) /7
Compute:
oM 1 ON 1
y oy O0x P
Since:
oM B ON
dy  Ox

the differential dg is exact.
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Example 4: Show that
df =y(1+z—2*)dr+2z(x+1)dy

is not an exact differential. Find the differential equation that a function g(z) must
satisfy if

dg = g(x) df
is to be an exact differential. Verify that g(z) = e™* is a solution of this equation and
deduce the form of ¢(z,y). (Determining nature of ¢(z,y) is optional).
Solution:
Step 1. Show that df is not exact

Write:
M(x,y) =y(1+x—2%), N(x,y)=z(x+1)
Compute:
oM ON
— =1 —a?, —=2r+1
oy +x—x°, O T+
Since:
oM, ON
dy ox

the differential df is not exact.
Step 2. Multiply by integrating factor g(x):
Let:
do = g(z)df = g(x) [y(l + o —a2h)dr +z(z+1) dy]
Then,
M=g@)y(l+z—2%), N=g@)z(z+1)
Now compute:

oM
oy

ON

g(x)(1 + 2 — 2?), oy =Y ()z(x+ 1)+ g(x)(2z + 1)

For exactness:

aa—]\j = 88_];7 = g(x)(1+2—2%) =g (@) x(x + 1)+ g(x)(2x + 1)
Rewriting:
J@)e(z+1) +g9x)2r+1-1-24+2)=0= ¢ @)z +1)+g@)(z+2°)=0
Simplify:
J@)z(x+1)+g(x)z(1+2)=0=z(x+1)[¢'(x) + g(x)] =0
Assuming z(z + 1) # 0, we get the differential equation:
§'(x) +g(x) =0

Step 3. Verify that g(z) = e~ is a solution
Compute:

§(2) ==, g(x) =" = g(0) +g(x) = — "+ =0
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Thus, g(x) = e™* satisfies the differential equation.
Step 4. Find ¢(z,y)
We now compute:
dp=e " [y(l+ 2 — 2%) dx + z(z + 1) dy]

Let:
M=e"y(l+z—2%), N=e a(r+1)

Integrate M w.r.t. x, treating y as constant:

o) = [ y(Lt o= o) do -+ hiy)
Factor y out:
= y/(l + 2 —2%e " dx + h(y)

Use integration by parts or symbolic integration:
/(1 + o —aHe dr = —e *(2* + 1)

Therefore,
¢z, y) = —y(a* + e " + h(y)
Differentiate with respect to y to find h'(y):
O
Friie
Compare with N = e "z(x + 1), so:

(22 + 1V)e ™ + b/ (y)

—(@+De ™ +h(y)=e 2z +1)=h(y) =e “(v(x+1)+2°+1)

Not consistent unless function of y only. Hence, we need to adjust integration to match
both sides by integrating N w.r.t. y:
Alternatively, integrate N w.r.t. y:

o, y) = / ea(e +1)dy = e a(z + 1)y + k(z)

Differentiate with respect to x:

% =—c"z(z+ Dy +e2x+1)y+ K (x)
Simplify:
=e "y(—a(r+1)+20+ 1) +K(z) =e “y(1 + 2 —27) + k' (x)
Compare with M = e %y(1 + 2 — 2?) = k/(z) = 0 So,
o(z,y)=e“z(z+1y+C
Hence, the required function is:

o(z,y) =e “z(x+ 1)y

Example 5: Implicit Differentiation Problem: For the equation 3y = 2 + 3xz,
which defines z implicitly as a function of x and y.

19



(a) Evaluate the first and second partial derivatives of z,

(b) Also, verify that

0%z N 0%z 0
TrT——7 —
dy?>  Ox?
Step 1: First-order Partial Derivatives
Given:
3y = 2° + 3z
Differentiate both sides with respect to z:
0z 0z
0=32"""+3z+ 30—
rr ozt Tor
0z 0z -3z —z
0=(3"+32) —+3z=> — = =
(Z+ x>0x+ T or 3224+3x 22+
Now differentiate both sides with respect to y:
0z 0z dz 0z 1
3=32"2 43" =343~ => = ——
28y+ x@y (82" + m)ay dy z2’+«x

Step 2: Second-order Partial Derivatives
(i) Second partial w.r.t. x:

Differentiate % = Z;jx w.r.t. x:

Use quotient rule:

Pz —(Ptr) E+2(2:82+1)

O0x? (22 + x)?
Simplify numerator:
0 9, 0 9,
— (2% + a:)a—j: + z(22£ +1) = [-(z* + 2) + 277 a—; +z= (22— x)a—; +z

So:

Pz (FP—x)E+z

or2 (22 +1)2
(ii) Second partial w.r.t. y:
Differentiate g—; = ﬁ w.r.t. y:

0%z —223_; =22z

oy (2+1)?2  (2+1)3
Step 3: Verify the PDE

We check:

0%z N 0%z 0

€rT— _— =

oy?  0x?

Substitute: ) -
(2, o)+
(22 + x)3 (22 + x)?
First term:
—2xz
(22 4 x)3
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Second term:

—z2( —x)+2(P+x) P Hrz+4az 0 2z
(22 + )3 B (22 4 )3 C (2 + )3
So sum is:
—2xz + 2xz
el iy
+op
Hence, verified:
0?2 N 0%z 0
r—+ — = 0.
oy?  0x?
* * x
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Chapter 2. Vector algebra

2.1. Vector algebra

Vector algebra is a branch of mathematics that deals with quantities called vectors,
which have both magnitude and direction. Unlike scalar quantities, which only have size,
vectors can represent movement or influence in a particular direction. Common operations
in vector algebra include vector addition, scalar multiplication, dot product, and cross
product. These operations help us analyze and solve problems involving direction-based
quantities.

Vector algebra has many real-life applications. In physics, vectors are used to describe
forces, velocities, and accelerations. In engineering, vectors help in the design and anal-
ysis of structures, machines, and circuits by studying how different forces interact. In
computer graphics, vector algebra is used to create 2D and 3D images, simulate motion,
and perform lighting calculations. In navigation and GPS systems, vectors help calcu-
late directions and shortest paths. In medical imaging and robotics, vectors are used to
determine positions and orientations. In chemistry, vector algebra plays an important
role in studying molecular geometry, where bond angles and the spatial arrangement of
atoms can be described using vectors. It is also used to model dipole moments, forces
between charged particles, and the movement of electrons in electric or magnetic fields.
In quantum chemistry, vector spaces are essential for describing the behavior of particles.
Thus, vector algebra is a powerful tool in understanding systems that involve both size
and direction across many scientific fields.

2.2. Scalars and vectors

Definition (Scalars and vectors): The simplest kind of physical quantity is one that
can be completely specified by its magnitude, a single number, together with the units in
which it is measured. Such a quantity is called a scalar and examples include temperature,
time and density.

A vector is a quantity that requires both a magnitude (> 0) and a direction in space to
specify it completely; we may think of it as an arrow in space. A familiar example is force,
which has a magnitude (strength) measured in newtons and a direction of application.
The large number of vectors that are used to describe the physical world include velocity,
displacement, momentum and electric field. Vectors are also used to describe quantities
such as angular momentum and surface elements (a surface element has an area and
a direction defined by the normal to its tangent plane); in such cases their definitions
may seem somewhat arbitrary (though in fact they are standard) and not as physically
intuitive as for vectors such as force. A vector is denoted by bold type, the convention of
this book, or by underlining, the latter being much used in handwritten work.
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2.3. Addition and subtraction of vectors

The resultant or vector sum of two displacement vectors is the displacement vector that
results from performing first one and then the other displacement, as shown in Figure;
this process is known as wvector addition. However, the principle of addition has physical
meaning for vector quantities other than displacements; for example, if two forces act on
the same body, then the resultant force acting on the body is the vector sum of the two.
The addition of vectors only makes physical sense if they are of a like kind, for example,
if they are both forces acting in three dimensions.

a

Figure 2: Addition of two vectors showing the commutation relation.

It may be seen from Figure that vector addition is commutative, i.e.,
a+b=b+a. (7.1)

The generalisation of this procedure to the addition of three (or more) vectors is clear
and leads to the associativity property of addition (see Figure), e.g.,

a+(b+c)=(a+b)+c. (7.2)

Thus, it is immaterial in what order any number of vectors are added. The subtraction
of two vectors is very similar to their addition (see Figure), that is,

a—b=a+(—b)

where —b is a vector of equal magnitude but exactly opposite direction to vector b.
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Figure 3: Addition of three vectors showing the associativity relation.

Figure 4: Subtraction of two vectors.

The subtraction of two equal vectors yields the zero vector, 0, which has zero magnitude
and no associated direction.

2.4. Multiplication by a scalar

Multiplication of a vector by a scalar (not to be confused with the scalar product, to be
discussed in Subsection 7.6.1) gives a vector in the same direction as the original but
of a proportional magnitude. This can be seen in Figure. The scalar may be positive,
negative or zero. It can also be complex in some applications. Clearly, when the scalar
is negative we obtain a vector pointing in the opposite direction to the original vector.
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Figure 5: Scalar multiplication for A > 1 stretches the vector

Multiplication by a scalar is associative, commutative and distributive over addition.
These properties may be summarised for arbitrary vectors a and b and arbitrary scalars
A and p by:

(An)a = A(pa) = p(Aa), (7.3)
A(a+b) = Xa+ b, (7.4)
(A4 p)a = da+ pa. (7.5)

o 4
Figure 6: An illustration of the ratio theorem. Point P divides segment AB in the ratio
Al

Example: A point P divides a line segment AB in the ratio A : u (see Figure 7). If the
position vectors of the points A and B are a@ and 5, respectively, find the position vector
of the point P.

Solution: The position vector p of point P dividing the segment AB in the ratio A : u
is given by the section formula in vector form:

i + \b
A+

p=

This formula is valid for internal division.

Al@) A H B(b)
Figure 7: Point P dividing AB in the ratio A : p
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As is conventional for vector geometry problems, we denote the vector from the point
A to the point B by AB. If the position vectors of the points A and B, relative to some
origin O, are d and b, it should be clear that

—

AB=b—a.
Now, from Figure we see that one possible way of reaching the point P from O is first

to go from O to A, and then go along the line AB for a distance equal to the fraction

ﬁ of its total length. We may express this in terms of vectors as:

i+ b (7.6)

which expresses the position vector of the point P in terms of those of A and B. We

would, of course, obtain the same result by considering the path from O to B and then
to P.

Example: The vertices of triangle ABC' have position vectors @, 5, and C relative to some
origin O (see Figure). Find the position vector of the centroid G of the triangle.

C

o

Figure 8: The centroid of a triangle. The triangle is defined by the points A, B and C
that have position vectors a, b and c¢. The broken lines CD, BE, AF connect the vertices
of the triangle to the mid-points of the opposite sides; these lines intersect at the centroid
G of the triangle.

Solution: The centroid G of triangle ABC' is the point of intersection of the medians,
and it lies at the average of the position vectors of the three vertices. Therefore, the
position vector ¢ of the centroid G is given by:
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- 1 — T

g= g(a +b+0)
Centroid of a Triangle: From Figure, the points D and E bisect the lines AB and AC,
respectively. Thus, from the ratio theorem (7.6), with A = p = %, the position vectors of

D and E relative to the origin are:

11
d=-a+-b
22T 5h
11
e = —a —C.
2273

Using the ratio theorem again, we may write the position vector of a general point on
the line C'D that divides the line in the ratio A : (1 — \) as:

r=(1—-X\c+ Ad,
=(1-XNc+ %/\(a +b). (7.7)
Similarly, the position vector of a general point on the line BE can be expressed as:
r=(1-p)b+ pe,
=(1—pub+ %,u(a +c). (7.8)
Thus, at the intersection of the lines C'D and BE, we require from (7.7) and (7.8):
(1—XNec+ %/\(a+ b) = (1 —pu)b+ %,u(a—l— c).

By equating the coefficients of the vectors a, b, c, we find:

1 1
Coefficient of a : 5)\ =5k

1
Coefficient of b : 5)\ =1—-pu,

1
Coefficient of c: 1 — A= S
These equations are consistent and have the solution:

2

Substituting these values into either (7.7) or (7.8), we find that the position vector of
the centroid G is given by:

1
g:§(a+b+c).

Example: Two particles have velocities vi = i 4 3j + 6k and v, = i — 2k, respectively.
Find the velocity u of the second particle relative to the first.
Solution:
u=vy;—v;
= (i—2k)— (i+ 3j+6k)
=i—2k—i—3j—6k
=—-3j—8k
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2.5. Magnitude of a vector

The magnitude of the vector a is denoted by |a| or simply a. In terms of its components
in three-dimensional Cartesian coordinates, the magnitude of a is given by

a = |a] = /a2 + a2 + a?. (7.13)

Hence, the magnitude of a vector is a measure of its length. Such an analogy is useful
for displacement vectors, but magnitude is better described, for example, by ‘strength’
for vectors such as force or by ‘speed’ for velocity vectors. The scalar product of a and
b is given by

a-b=abcosb. (7.14)

0] o .
bcos

]

Figure 9: Projection of b onto a is b cos 6
Scalar product: a-b = abcosf

For instance, in the previous example, the speed of the second particle relative to the
first is given by

u=|u| =+/(=3)2+ (=8)2 = V/73.
A vector whose magnitude equals unity is called a unit vector. The unit vector in the
direction of a is usually denoted by a and may be evaluated as
a
a=_—. (7.14)
|al

The unit vector is a useful concept because a vector written as Aa then has magnitude A
and direction a. Thus, magnitude and direction are explicitly separated.

2.6. Angle between the vectors

The angle between two vectors a and b can be found using the dot product formula:

or




Where:
e a - b is the dot product of the vectors,
e |a| and |b| are the magnitudes (lengths) of the vectors,

e ( is the angle between them.

Yy

0 b

X

Figure 10: Angle 6 between vectors a and b.

This angle # tells us how far apart the directions of the vectors are. It is widely used in
geometry, physics, and computer science.

2.7. Multiplication of vectors

We have already considered multiplying a vector by a scalar. Now we consider the
concept of multiplying one vector by another vector. It is not immediately obvious what
the product of two vectors represents, and in fact, two products are commonly defined:
the scalar product and the vector product. As their names imply, the scalar product of two
vectors is just a number, whereas the vector product is itself a vector. Although neither
the scalar nor the vector product is what we might normally think of as a product, their
use is widespread, and numerous examples will be described elsewhere in this book.

2.8. Scalar Product

The scalar product (or dot product) of two vectors a and b is denoted by a - b and is
given by
a-b=|a||blcosf, 0<6<m. (7.15)

Here, 6 is the angle between the two vectors, placed tail to tail or head to head. Thus, the
value of the scalar product a-b equals the magnitude of a multiplied by the projection of
b onto a (see Figure 7.8). From (7.15) we see that the scalar product has the particularly
useful property that

a-b=0 (7.16)

is a necessary and sufficient condition for a to be perpendicular to b (unless either of
them is zero). It should be noted in particular that the Cartesian basis vectors i, j and
k, being mutually orthogonal unit vectors, satisfy the equations

ii=j-j=k- k=1, (7.17)

i j=j k=k-i=0. (7.18)
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Examples of scalar products arise naturally throughout physics and in particular in con-
nection with energy. Perhaps the simplest is the work done, F - r, in moving the point
of application of a constant force F through a displacement r; notice that, as expected,
if the displacement is perpendicular to the direction of the force, then F - r = 0 and no
work is done.

A second simple example is afforded by the potential energy —m - B of a magnetic dipole,
represented in strength and orientation by a vector m, placed in an external magnetic
field B.

As the name implies, the scalar product has a magnitude but no direction. The scalar
product is commutative and distributive over addition:

a-b=Db-a, (7.19)

a-(b+c)=a-b+a-c. (7.20)

Example: Four non-coplanar points A, B, C, D are positioned such that the line AD is
perpendicular to BC and BD is perpendicular to AC. Show that CD is perpendicular to
AB.

Solution: Four non-coplanar points A, B, C', and D are positioned such that

@J_B? and ﬁj_zﬁ

And, we have show that

CD 1 AB.

Since B 1L B? , we have

and since B? 1 1@,

AD-BC =0,
BD - AC = 0.

Rewrite the vectors as differences of position vectors:

/ﬁ:d—a, B?:c—b,
Eﬁzd—b, ﬁ:c—a,

where a, b, c,d are the position vectors of points A, B, C, and D respectively.
The given conditions become

(d—a)-(c—b)=0, (d—b)-(c—a)=0.

Consider the dot product
(d—c)-(b—a)="

Expand and rearrange:
(d-—c)-(b—a)=d-b—d-a—c-b+c-a.
Similarly, expand the given orthogonality relations:

(d—a)-(c—b)=d-c—d-b—a-c+a-b=0,
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(d-b)-(c—a)=d-c—d-a—b-c+b-a=0.
Add these two equations:

2d-c—(d-a+d-b)—(a-c+b-c)+(a-b+b-a)=0.
Noting that dot product is commutative, simplify:
2d-c—d-(a+b)—(a+b)-c+2a-b=0.

Rearranging this gives
(d—c)-(b—a)=0,

CD | AB.

which means

Example: Find the angle between the vectors

a=1i+2j+3k and b =2i+ 3j+4k.
Solution: The angle 6 between two vectors a and b is given by the formula

a-b

cosf) = ——.
|a| b

First, calculate the scalar (dot) product a - b:
a-b=(1)(2)+(2)(3) + (3)(4) = 2+ 6 + 12 = 20.

Next, find the magnitudes of a and b:

la| = VI24+ 224+ 32 =V1+4+9 =14,
b = V22 +32 +42 =4+ 9+ 16 = v/29.

Therefore,
0 20

2
VIIV29 VA0

cosf =

Finally, the angle 6 is

0 = cos™* <£> .
\/406

2.9. Vector Product

The vector product (or cross product) of two vectors a and b is denoted by a x b and
is defined to be a vector of magnitude |a||b|sin# in a direction perpendicular to both a
and b:

la x b| = |a]|b| sin .

31



Figure 11: The vector product. The vectors a, b and ab form a right-handed set.

The direction is found by rotating a into b through the smallest possible angle. The sense
of rotation is that of a right-handed screw that moves forward in the direction a x b (see
Figure). Again, 0 is the angle between the two vectors placed tail to tail or head to head.
With this definition, a,b and a x b form a right-handed set.

A more directly usable description of the relative directions in a vector product is
provided by a right hand whose first two fingers and thumb are held to be as nearly
mutually perpendicular as possible. If the first finger is pointed in the direction of the
first vector and the second finger in the direction of the second vector, then the thumb
gives the direction of the vector product. The vector product is distributive over addition,
but anticommutative and non-associative:

(a+b)xc=(axc)+ (bxc), (7.23)
b xa=—(axb), (7.24)
(axb)xc#ax (bxc). (7.25)

From its definition, we see that the vector product has the very useful property that
if a x b = 0, then a is parallel or antiparallel to b (unless either of them is zero). We
also note that

axa=0. (7.26)

Example: Show that if a = b + Ac, for some scalar A, then
axc=bxec.
Solution: Using the distributive property of the cross product,
axc=(b+A)xc=bxc+ () xec.
Now, since ¢ X ¢ = 0, and scalar multiplication factors out:
Acxc=Acxc)=A-0=0.

So we have:
axc=bxc+0=Dbxec.
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Finding area of a parallelogram: An example of the use of the vector product is
that of finding the area, A, of a parallelogram with sides a and b, using the formula

A=laxb]. (7.28)

Since the basis vectors i, j,k are mutually perpendicular unit vectors, forming a right-
handed set, their vector products are easily seen to be

ixi=jxj=kxk=0, (
ixj=-jxi=k, (7.30
jxk=-kxj=i, (
kxi=—-ixk=]j. (

Using these relations, it is straightforward to show that the vector product of two general
vectors a and b is given in terms of their components with respect to the basis set i, j, k,
by

ax b= (ayb, —aby)i+ (ab, — azb,)j+ (azb, — a,b,) k. (7.33)

For the reader who is familiar with determinants, we record that this can also be written
as

i j k
axb=|a a al.
by b, b,

That the cross product axb is perpendicular to both a and b can be verified in component
form by forming its dot products with each of the two vectors and showing that it is zero
in both cases.

Example: Find the area A of the parallelogram with sides
a=i+2j+3k, b=4i+5j+ 6k.
Solution: The area is given by the magnitude of the cross product:
A =laxb].

Compute the cross product using the determinant:

k
axb= 3| =i(2-6-3-5)—j(1-6—-3-4)+k(1-5—2-4)
6

S =
QT DD e

=i(12 — 15) — j(6 — 12) + k(5 — 8) = —3i + 6j — 3k.

Now compute the magnitude:

la x b| = \/(=3)2+62 + (—=3)2 = V9 + 36 + 9 = /54 = 3/6.

Hence, the area of the parallelogram is A = 3v/6.
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2.10. Scalar Triple Product

Now that we have defined the scalar and vector products, we can extend our discussion
to define products of three vectors. Again, there are two possibilities: the scalar triple
product and the vector triple product.

Figure 12: The scalar triple product gives the volume of a parallelepiped.

The scalar triple product is denoted by
la,b,c]=a- (b xc),

and, as its name suggests, it is just a number. It is most simply interpreted as the volume
of a parallelepiped whose edges are given by a, b and ¢ (see Figure 7.11).

The vector v.= a x b is perpendicular to the base of the solid and has magnitude
v = absind, i.e., the area of the base. Further, v-c = vccos ¢. Thus, since ccosp = OP
is the vertical height of the parallelepiped, it is clear that

(a x b) - ¢ = area of base x height = volume.
It follows that, if the vectors a, b and c are coplanar, then
a-(bxc)=0.

Expressed in terms of the components of each vector with respect to the Cartesian basis
set 1, j, k, the scalar triple product is

a- (b xc)=a,(byc, —b.c,) + ay(b.c, — byc,) + ay(bycy — bycy). (7.34)

This can also be written as a determinant:

a; a, a,
a-(bxc)=1|b, b, b.].
Cx Cy C

By writing the vectors in component form, it can be shown that
a-(bxc)=(axb)-c,

so that the dot and cross symbols can be interchanged without changing the result. More
generally, the scalar triple product is unchanged under cyclic permutation of the vectors
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a, b, c. Other permutations give the negative of the original scalar triple product. These
results can be summarised by:

[a,b,c] = [b,c,a] =[c,a,b] = —[a,c,b] = —[b,a,c|] = —[c, b, al. (7.35)

Example: Find the volume V of the parallelepiped with sides
a=i+2j+3k, b=4i+5j+6k, c=Ti+8j+ 10k.
Solution: The volume is given by the absolute value of the scalar triple product:
V=la-(bxc).
First compute the cross product b x c:
k
6

bxc= —i(5-10—6-8)—j(4-10—6-7)+k(4-8—5-7)

AT,

J
5
8

—_

0

=1i(50 — 48) — j(40 — 42) + k(32 — 35) = 2i + 2j — 3k.
Next compute the dot product with a:

a-(bxc)=(1)2)+(2)2)+3)(-3)=2+4—-9=-3.
Taking the absolute value, the volume is
V=|-3=3.

hence, the volume of the parallelepiped is V' = 3.

Another useful formula involving both the scalar and vector products is Lagranges identity

(axb)-(cxd)=(a-c)(b-d)—(a-d)(b-c). (7.36)

2.11. Vector Triple Product

By the vector triple product of three vectors a,b,c we mean the vector a x (b x c).
Clearly, a x (b x c) is perpendicular to a and lies in the plane of b and ¢ and so can be
expressed in terms of them (see (7.37) below). We also note, from (7.25), that the vector
triple product is not associative, i.e.

ax(bxc)#(axb)xec.
Two useful formulae involving the vector triple product are
ax (bxc)=(a-c)b—(a-b)c, (7.37)

(axb)xc=(a-c)b—(b-c)a, (7.38)

35



which may be derived by writing each vector in component form.
It can also be shown that for any three vectors a, b, c,

ax(bxc)+bx(cxa)+cx(axb)=0.

Exercise: Which of the following statements about general vectors a, b and c are true?
l.c-(axb)=(bxa)-c.
2. ax(bxc)=(axb)xc.
3.ax(bxc)=(a-c)b—(a-b)c.
4. d = Aa+ pb implies (a x b) -d = 0.
5. axc=bxcimpliesc-a—c-b=|c||]a—Db|.
6. (axb)x (cxb)=b[b-(cxa).
Solutions:
l.c-(axb)=(bxa)-c.
Solution: True. Since b x a = —(a x b),
(bxa)-c=—(axb)-c=—c-(axb),
but dot product is commutative, and ¢ - (a X b) is a scalar, so
c-(axb)=-c-(axb),
which implies this is only true if ¢ - (a x b) = 0. Actually, this shows
c-(axb)=—(bxa)-c,
so the statement as given is false unless zero. So the statement is False.

2. ax(bxc)=(axb)xc.

Solution: False. The vector triple product is not associative:

ax(bxc)#(axb)xec.

3.ax(bxc)=(a-c)b—(a-b)c.
Solution: True. This is the standard vector triple product identity.
4. d = Aa+ pb implies (a x b) -d = 0.

Solution: True. Since a X b is perpendicular to any linear combination of a and
b, the dot product is zero.
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5. axc=bxcimpliesc-a—c-b=|c||]a—Db|.

Solution: False. From a x ¢ = b x c it follows (a—b) x ¢ = 0, so a — b is parallel
to c. This implies a — b = Ac for some scalar A, so

c (a—b)= A",

but this is not equal to |c| |a — b| in general, unless a — b is in the same direction
as ¢ with positive scalar A. So the equality as stated is generally false.

6. (axb)x (cxb)=b[b-(cxa).

Solution: False. This expression is more complicated, and does not simplify to the
right side in general. It can be verified by expanding using vector identities, and it
differs by additional terms.

Example: A unit cell of diamond is a cube of side A, with carbon atoms at: each
corner,the center of each face, and in addition, at positions displaced by }LA(i + 7+ k)

from each of those already mentioned; where 2, j,/% are unit vectors along the cube axes.
One corner of the cube is taken as the origin of coordinates. What are the vectors joining
the atom at $A(i + J + k) to its four nearest neighbours? Determine the angle between
the carbon bonds in diamond.
Solution: Let the atom at position
fo= A+ i+ b

4
We want to find the relative position vectors 7; — 7y for the four nearest neighbors. The
diamond structure consists of two interpenetrating face-centered cubic (FCC) lattices,
displaced by Y A(7 + 7+ l%) Each atom has 4 nearest neighbors arranged tetrahedrally.

1
The four nearest neighbor atoms to 7y are located at:

LA

7"121(2‘1‘]—]{3)

— AA A 7

7“2:2(’4 J+k)
A N

ngz(—i+j+k‘)
A - A .

F4:Z(3i+3j+3k):ﬁ)+§(i+j+k)

The vectors from 7, to the nearest neighbors are:
. L L A A
1:T1—Tozz(0,0,—2):—§k‘
Uy = T ﬁ—A(O 2,0) = A4,
2 =T2 o = 4 ) ) - 2]
L. L A A
3:T3—7"[)Zz<—2,0,0):—§7,
A .

ﬁ4=774—770=§(l+]+k)

w
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To determine the bond angle between any two of these vectors (say, between ¢ and v5),
use the dot product:

Uy - Uy
17 ][] 72

Since 1, U, U3, U4 point toward the vertices of a tetrahedron, the angle between any two
bond directions is:

cosf =

1
cosf = -3 = 0 = cos ' (—1/3) ~ 109.47°

Answer

e The four vectors joining the atom at TA(i + j + k) to its nearest neighbors are:
A
£ (EL £ £1)

(with combinations of signs such that each vector differs from the original position
by flipping the sign of one coordinate).

e The angle between the carbon bonds in diamond is:

Example: Find the angle between the position vectors to the points (3, —4,0) and
(—2,1,0), and find the direction cosines of a vector perpendicular to both.

Solution: Let .
a=(3,-4,0), b=(-2,1,0)

1. Angle Between the Vectors:
The angle 6 between two vectors is given by:

QL
S

cosf = —
|| [b]

Compute the dot product:

@ b= (3)(=2) + (—4)(1) + (0)(0) = =6 —4 = —10

Magnitudes:
i@ = /32 + (—4)2+ 02 =9+ 16 = V25 =5
b= V(=22 + 12402 =vd+1=15
Now

g2 . (—2)
costl = —= = — = CoS —
5vV5 V5 V5

2. A Vector Perpendicular to Both:
A vector perpendicular to both @ and b is given by the cross product:
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So, the perpendicular vector is 77 = (0,0, —5)
3. Direction Cosines:
The direction cosines of a vector 77 = {(a, b, c) are:

a b c
cosa=-—, cosff=-—, COsY=—
7] 7] 7]
For 77 = (0,0, —5), we get:
71 = /02 + 02+ (=5)2 =5
So the direction cosines are:
-5
cosa =0, cosf =0, cosy= = = -1

Hence,

e The angle 6 between the vectors is:

()

e A vector perpendicular to both is (0,0, —5)

e The direction cosines are:

(0, 0, —1)

39



Chapter 3. Vector Calculus

Vector calculus is a branch of mathematics that combines vector algebra and calculus
to study vector fieldsquantities that have both magnitude and direction, and can vary
from one point in space to another. It involves operations such as the gradient, which
shows the direction and rate of the steepest increase of a scalar field; the divergence,
which measures how much a field spreads out from a point; and the curl, which shows
the rotation or circulation of a field. These concepts are essential for understanding how
vector quantities change in space.

Vector calculus is widely used in real-world applications. In physics, it helps de-
scribe electric and magnetic fields, fluid flow, and heat transfer. In engineering, it is
used in structural analysis, fluid dynamics, and electromagnetics. In computer graph-
ics and robotics, vector calculus supports motion planning, lighting, and 3D rendering.
In weather forecasting, it models wind velocity fields and temperature distribution. In
medical imaging, such as MRI and CT scans, vector fields help reconstruct internal body
structures. In chemistry, vector calculus plays a crucial role in studying molecular forces
and potential energy fields. It is used to analyze the behavior of molecules under various
physical conditions, understand electrostatic potential distributions, and describe reac-
tion pathways. In quantum chemistry, it supports the formulation of wave functions and
operators in three-dimensional space. Overall, vector calculus is a vital mathematical
tool used across science and technology to describe systems involving continuous change
in multiple directions.

3.1. Differentiation of vectors

Let us consider a vector @ that is a function of a scalar variable u. By this we mean that
with each value of u, we associate a vector a(u).
For example, in Cartesian coordinates,

~

a(u) = az(u) 2+ ay(u) J+ a.(u) k,

where a,(u),a,(u), and a,(u) are scalar functions of u, and are the components of the
vector @(u) in the z-, y- and z-directions respectively. We note that if @(u) is continuous at
some point u = uo, then this implies that each of the Cartesian components a,(u), a,(u),
and a,(u) is also continuous there.

Let us consider the derivative of the vector function d@(u) with respect to u. The derivative
of a vector function is defined in a similar manner to the ordinary derivative of a scalar
function f(z) (as given in Chapter 2).
The small change in the vector @(u) resulting from a small change Aw in the value of u
is given by:

Ad = d(u+ Au) — d(u) (see Figure).
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Aa = a(u + Au) — a(u)

Figure 13: A small change in a vector a(u) resulting from a small change in u

The derivative of @(u) with respect to u is defined to be

da . d(u+ Au) —d(u)
du Alzlglo Au (10.1)

Assuming that the limit exists, the vector @(u) is said to be differentiable at that point.
Note that g—g is also a vector, which is not, in general, parallel to d(u).
In Cartesian coordinates, if

~

a(u) = az(u) 2+ ay(u) j+ a.(u) k,
then the derivative of the vector is given by:

da da, . % . da, P

@_duz+ du +du

Perhaps the simplest application of the above is in finding the velocity and acceleration
of a particle in classical mechanics.

If the time-dependent position vector of the particle with respect to the origin in Cartesian
coordinates is given by:

~

(t) = x(t) i+ y(t) 7+ 2(t) k,
then the velocity of the particle is the time derivative:
dr  dx dy dz -
t)=—=—14+—7+—F.
W=g=wtalta

The direction of the velocity vector is along the tangent to the path 7(¢) at the instan-
taneous position of the particle, and its magnitude |0(t)| is equal to the speed of the
particle.

The acceleration of the particle is the derivative of velocity:

dv  d*x d*y d*z -
7100 T S S
i) == Tt e

Example: The position vector of a particle at time ¢, in Cartesian coordinates, is given
by: X
Ft) =220+ (3t —2) 7+ (3t* — 1) k
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.Find the speed of the particle at t = 1 and the component of its acceleration in the
direction s =i + 2j + k.
Solution:
1. Speed at t = 1:
di’

First, compute the velocity vector ¥(t) = % :

ﬁ d . d .
o(t) = %(2#) i+ %(315 —-2)7+

At t = 1, the velocity is:

d . .
E(3v¢2—1)14:4M+:’>j+6tk

7(1) =4i+3j+6k
The speed is the magnitude of 0(1):

15(1)] = V42 + 32+ 62 =16+ 9 + 36 = V61

2. Component of Acceleration in the Direction of =1+ 2) + ke
First, compute the acceleration vector:

dv  d d d A .
a = — = — 4 2 B 7 B = 4 2 7
alt) = dt< t)z+dt(3)j+dt(6t)k 1+0j+6k
To find the component of @(t) in the direction of §, we use the projection formula:

a-s
Component of @ along 5= W
S

Compute the dot product:
a-5=(4)(1)+(0)(2)+(6)(1)=4+0+6=10

Magnitude of s

5 =VI2+22+12=vV1+4+1=V6

So, the component is:

—_
o) | =

Hence,

e Speed at t = 1: | V61

~ | 10
e Component of acceleration along s =1+ 2)+ k: | —

V6

Differentiation of composite vector expressions: In composite vector expressions,
each of the vectors or scalars involved may be a function of some scalar variable u, as
we have seen. The derivatives of such expressions are easily found using the definition
(10.1) and the rules of ordinary differential calculus. They may be summarised by the
following, in which we assume that a and b are differentiable vector functions of a scalar
u and that ¢ is a differentiable scalar function of w:
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d da do
- — h— + 10.4
d db da
“a-b=-a- - — 1 2. 10.
du(a b)=a T + T b, (10.5)
d db da
@(axb)—axa—l—%xb. (106)

The order of the factors in the terms on the RHS of (10.6) is, of course, just as important
as it is in the original vector product

Example: A particle of mass m with position vector r relative to some origin O expe-
riences a force F', which produces a torque (moment) T' = r x F about O. The angular
momentum of the particle about O is given by L = r X mw, where v is the particles
velocity. Show that the rate of change of angular momentum is equal to the applied
torque.

Solution: We are given the angular momentum of the particle as:

L =7r x mv.

To find the rate of change of angular momentum, we differentiate L with respect to time:

L
L _ i(r X muv).

dt  dt

Using the product rule for derivatives of cross products:

dL dr " +rx Limo)
— = — Xmv+7r X —(mv).
dt dt dt
Since % = v and m is constant:
dL

v
=VvXMmMv+rxXxm—.

dt dt

Note that v x v = 0, so the first term vanishes:

Using Newton’s second law, m”c%’ = F"

dL
— =rx F=T.
dt
Conclusion:
dL
—_7
dt

Thus, the rate of change of angular momentum is equal to the applied torque.
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If a vector a is a function of a scalar variable s that is itself a function of u, so that
s = s(u), then the chain rule (see subsection 2.1.3) gives:

da(s) _ds da

du  du ds’ (10-7)

The derivatives of more complicated vector expressions may be found by repeated appli-
cation of the above equations.

One further useful result can be derived by considering the derivative:

da
“(a-a)=2a  —:
du<a a) =2a du’
since a - @ = a?, where a = |a|, we see that
d
a- d_a =0 if a is constant. (10.8)
u

In other words, if a vector a(u) has a constant magnitude as u varies, then it is perpen-
dicular to the vector Z—Z.

Differential of a vector: As a final note on the differentiation of vectors, we can
also define the differential of a vector, in a similar way to that of a scalar in ordinary
differential calculus. In the definition of the vector derivative (10.1), we used the notion
of a small change Aa in a vector a(u) resulting from a small change Aw in its argument.
In the limit Au — 0, the change in @ becomes infinitesimally small, and we denote it by
the differential da. From (10.1) we see that the differential is given by

da
da = — du. 10.
a o U (10.9)

Note that the differential of a vector is also a vector. As an example, the infinitesimal
change in the position vector of a particle in an infinitesimal time dt is

d'r:d—rdt:vdt,
dt

where v is the particles velocity.

3.2. Vector operators:

Certain differential operations may be performed on scalar and vector fields and have
wide-ranging applications in the physical sciences. The most important operations are
those of finding the gradient of a scalar field and the divergence and curl of a vector field.
It is usual to define these operators from a strictly mathematical point of view, as we do
below. In the following chapter, however, we will discuss their geometrical definitions,
which rely on the concept of integrating vector quantities along lines and over surfaces.

Central to all these differential operations is the vector operator V, which is called del
(or sometimes nabla) and in Cartesian coordinates is defined by

9, 0
=1—+j— +k—. 10.2
\Y zx+‘78y+ (10.25)
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3.2.1. Gradient of a scalar field
The gradient of a scalar field ¢(z,y, z) is defined by

grad¢p = Vo = ’L— +J—+ k—. (10.26)

Clearly, V¢ is a vector field whose -, y- and z-components are the first partial derivatives
of ¢(z,y, z) with respect to x, y, and z respectively. Also note that the vector field V¢
should not be confused with the vector operator ¢V, which has components:

0 0 0

Example: Find the gradient of the scalar field

¢ = xy’>.
Solution: The gradient of a scalar field ¢(z,y, z) is given by
6’(]5 8(;5 8¢

Calculate each partial derivative:

99 _ 5 3
%_yz7
g—y—2xy23,
¢ 2.2
8z—3xyz.

Therefore, the gradient is

Vo = iy*2> + j2ry2® + k3xy*2>

The gradient of a scalar field ¢ has some interesting geometrical properties. Let us first
consider the problem of calculating the rate of change of ¢ in some particular direction.
For an infinitesimal vector displacement dr, forming its scalar product with V¢ we obtain
¢ .0 09\ . .
Vo-dr =(1— —+k—|-(ad dy + kd
¢-dr (za —|—]ay+ 5, (¢dx + jdy + kdz)
o9 O 99,

axd +8_d +&

= dg, (10.27)

which is the infinitesimal change in ¢ in going from position r to r + dr.
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Vo

Q

6/
1
ﬁ in the direction a

S

¢ = constant

Figure 14: Geometrical interpretation of V¢: P(Q) is the projection of V¢ in the direction

d
of a, so @ _ V| cosd
ds

In particular, if 7 depends on some parameter u such that r(u) defines a space curve then
the total derivative of ¢ with respect to u along the curve is simply

do dr
=V (10.28)

In the particular case where the parameter u is the arc length s along the curve, the
total derivative of ¢ with respect to s along the curve is given by

dp .
—=Vo-t. (10.29)

where £ is the unit tangent to the curve at the given point. In general, the rate of change
of ¢ with respect to the distance s in a particular direction a is given by

o _

—Vé-a 10.
- =Vo-a, (10.30)

and is called the directional derivative. Since a is a unit vector we have

do

o= V| cosb,

where 6 is the angle between a and V¢ as shown in figure 10.5. Clearly, V¢ lies in the
direction of the fastest increase in ¢, and |V¢| is the largest possible value of d¢/ds.
Similarly, the largest rate of decrease of ¢ is d¢/ds = —|V¢| in the direction of —V¢.

Example: For the function
¢ =1’y +yz
at the point (1,2, —1), find its rate of change with distance in the direction

a=1+2j5+3k.

At this same point, what is the greatest possible rate of change with distance and in
which direction does it occur?
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Solution: The rate of change of ¢ in the direction of a unit vector a is given by the
directional derivative:

do R
R v
ds ¢ Y
where 96 96 96
Vo =22 1 99 L 99
0=t TG, TRy,
Calculate the partial derivatives:
¢ 00 _ , O¢
) v v
ox v oy T 5z 7
At the point (1,2, —1), these evaluate to:
% =2Xx1x2=4,
O (1,2,-1)
0
99 =174+ (1) =0,
dy (1,2,-1)
0
91 _y
0z (1,2,-1)

Therefore,
Vo(l,2,—1) = 44+ 05 + 2k = 41 + 2k.

Next, find the unit vector in the direction of @ = @ + 235 + 3k:

la| = V12 + 22 4 32 = V14,

a— — i+ 2 ) + 5 g
Tvhove T va
The rate of change of ¢ in the direction a is
do . 1 . 2 . 3 4 6 10
— =Vo¢-a= (41 +2k) - T+ + k)= + = .
o= Vora= (e (i ik k) = =

The greatest possible rate of change of ¢ at this point is the magnitude of the gradient

vector:

d
maxd—f: Vol = VE+02+22 = V20 =2V5.

This maximum rate of change occurs in the direction of the gradient vector Vo, i.e.,

Vo di+2k 2. 1

SZ Y AR

n =

We can extend the above analysis to find the rate of change of a vector field (rather than
a scalar field as above) in a particular direction. The scalar differential operator a - V

47



can be shown to give the rate of change with distance in the direction a of the quantity
(vector or scalar) on which it acts. In Cartesian coordinates it may be written as

a-V = 34_ 34_ ﬁ
= G, ayay aZaz.

o (10.31)

Thus we can write the infinitesimal change in an electric field in moving from r to r 4 dr
given in (10.20) as
dE = (dr - V)E

A second interesting geometrical property of V¢ may be found by considering the surface

defined by ¢(z,y, z) = ¢, where c¢ is some constant. If t is a unit tangent to this surface
at some point then clearly d¢/ds = 0 in this direction and from (10.29) we have

Vo -t=0.

In other words, V¢ is a vector normal to the surface ¢(x,y,2) = ¢ at every point, as
shown in figure 10.5. If n is a unit normal to the surface in the direction of increasing
¢(z,y, z), then the gradient is sometimes written

Vo = —(ﬁn (10.32)

where 0¢/0n = |V ¢| is the rate of change of ¢ in the direction n and is called the normal
derivative.

Example: Find expressions for the equations of the tangent plane and the line normal
to the surface

(b(x? y? Z) =cC

at the point P with coordinates (xg, yo, 20). Use the results to find the equations of the
tangent plane and the line normal to the surface of the sphere

b= +12+ 22 = a?
at the point (0,0, a).

Solution: Since ¢(z,y, z) = ¢ defines a surface, the gradient vector

Vo= a—i +—jj+%k

is normal to the surface at every point.
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b=x+y2+22=a

X

Figure 15: The tangent plane and the normal to the surface of the sphere ¢ = 2% +1y%+2% =

a® at the point ry = (0,0, a)

Equation of the tangent plane:
At point P(zo, Yo, 20), the tangent plane satisfies

V¢($o,y0, ZO) ' (’I‘ - ’l"o) = 07

where 7 = xi + yj + zk and 7o = xot + yoJ + 20k-
Writing explicitly,
O

($—$0)+a—y

99

e (z — z9) = 0.

¢
P(y — o) + 9

P

Equation of the normal line:

The line normal to the surface at P passes through P in the direction of V(zo, o, 20),

so its parametric equations are

0
, Z:zo%—t—gﬁ

d¢
= t—

P dy

T=xy+t—

Oz

P

where ¢ is a parameter.

Application to the sphere:

For the sphere,

¢:x2+y2+z2=a2.

The gradient is
Vo =2zt + 2yj + 2zk.

At the point P = (0,0, a),

V(0,0,a) =2 x 0i + 2 x 0f + 2ak = 2ak.
Tangent plane:
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2x0(x—0)+2x0(y—0)+2a(z—a)=0,

which simplifies to

Normal line:

r=0+tx0=0, y=0+tx0=0, z=a+tx2a=ua(l+2t).

Further properties of the gradient operation, which are analogous to those of the
ordinary derivative, are listed in subsection 10.8.1 and may be easily proved. In addition
to these, we note that the gradient operation also obeys the chain rule as in ordinary
differential calculus, i.e., if ¢ and ¢ are scalar fields in some region R then

Vio(w) = g—jw.

3.2.2. Divergence of a vector field

The divergence of a vector field a(x,y, ) is defined by

da da da
di _ . _ T Y z
iva=V-a 6x+8y+82’

(10.33)

where a,, a, and a, are the z-, y- and z-components of a. Clearly, V - a is a scalar field.
Any vector field a for which V - a = 0 is said to be solenoidal.

Example: Find the divergence of the vector field
a=ga%%i+ %)+ 2?2 k.

Solution: The divergence of a vector field a = a, i+ a,j + a, k is given by

da da da
Vea= —4 24 =,
Jdr  Ody 0z
For the given field:
da
2 9 T 2
Tz — 5 =2 )
a x7y o xy
da
Gy = y2227 a_yy = 2y227
da,
a, = x2z2, ;z = 2222

Therefore, the divergence is:

V- a=2xy® + 2yz* + 2z22°.
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Now if some vector field a is itself derived from a scalar field via a = V¢, then V - a
has the form V- V¢ or, as it is usually written, V2¢, where V? (del squared) is the scalar
differential operator

Vi —+—+=—. (10.34)

V2¢ is called the Laplacian of ¢ and appears in several important partial differential
equations of mathematical physics.

Example: Find the Laplacian of the scalar field

6 = wy’s’

Solution: The Laplacian of a scalar field ¢(z,y, z) is given by
0? 0? 0?
0% ¢ . ¢

2
Ve = Ox? + oy? 022
Given:
b= ays?
Compute second partial derivatives:
P2¢ 0
5t = a2 =
2
g_y;b = %(nyz?’) = 212"
Py 0
9= 5(39@222) = 6212
Therefore,

V2 =0+ 222° + 6xy*z = 222° + 6212

3.2.3. Curl of a vector field
The curl of a vector field a(z,y, z) is defined by
da da da da da da
1 _ _ z  Uly ). T z . Oy x k
curla =V xa (8y 8z)l+(8z 8x>J+(8x 8y) ’
where a,, a, and a, are the -, y- and z-components of a. The right-hand side can be
written in a more memorable form as a determinant:

i j k
Vxa=|a 5 &l (10.35)
Gy Gy G

where it is understood that, on expanding the determinant, the partial derivatives in the
second row act on the components of a in the third row. Clearly, V x a is itself a vector
field. Any vector field a for which V x a = 0 is said to be irrotational.
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Example: Find the curl of the vector field

a=2%y’2i+ 9222 )+ 2% k.

Solution: We compute the curl using:

i ik
_ 9 9 9
Vxa= ox oy 0z
-732?/222 y2Z2 372252

Now compute each component:
**i-component:**

0
ay(m 2%) — a(y%ﬂ) =0—(y*-22) = —2y%2
**j-component:**
9 5 9 9 59 2,2 2 2.2 2
a—(xy z )—a—(x 2%) = xy® - 2z — 2xz° = 2z y"z — 2x2
2 x
**k-component:**
0 0
a—(y2z2) — a—(x2y222) =0— 2727 2y = —22%y2?
T )

Therefore, the curl is:

Vxa=—-2yzi+ (2:1023/22 — 2:1622) j— 227y k

For a vector field v(z,y, z) describing the local velocity at any point in a fluid, V x v is a
measure of the angular velocity of the fluid in the neighbourhood of that point. If a small
paddle wheel were placed at various points in the fluid, then it would tend to rotate in
regions where V x v # (, while it would not rotate in regions where V x v = 0.

Another insight into the physical interpretation of the curl operator is gained by
considering the vector field v describing the velocity at any point in a rigid body rotating
about some axis with angular velocity w. If r is the position vector of the point with
respect to some origin on the axis of rotation, then the velocity of the point is given by
v = w x r. Without any loss of generality, we may take w to lie along the z-axis of our
coordinate system, so that w = wk. The velocity field is then v = —wy i+ wz j. The curl
of this vector field is easily found to be

i j k
Vxv=|a4 & 5l=2wk=2w (10.36)
—wy wzr 0
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V(p+1¢) =Vo+ Vi
V- (a+b)=V-a+V-b
Vx(a+b)=Vxa+Vxb

V(gy) = oV +¢V¢

V(a-b)=ax (Vxb)+bx(Vxa)+(a-V)b+(b-V)a

V- (¢a)=¢(V-a)+a- Vo
V-(axb)=b-(Vxa)—a-(Vxbh)

V x (¢a) = Vo x a+ ¢(V x a)

Vx(axb)=a(V-b)—b(V-a)+(b-V)a—(a-V)b

Table 10.1 Vector operators acting on sums and products. The operator V is defined
in (10.25); ¢ and 1 are scalar fields, a and b are vector fields.

Therefore the curl of the velocity field is a vector equal to twice the angular velocity
vector of the rigid body about its axis of rotation.

3.3. Vector operator formulae

3.3.1. Vector operators acting on sums and products

Let ¢ and v be scalar fields and a and b be vector fields. Assuming these fields are
differentiable, the action of V (grad, div, and curl) on various sums and products of them
is presented in Table 10.1. These relations can be proved by direct calculation.

Example: Show that
V x (pa) = Vo x a+ ¢V x a.

Solution: Recall that the curl operator can be written as a determinant:

i j k

0 0 o)
VXFI% 9y 9z |-

F, F, F.
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Let F = ¢a = (¢a,, ¢a,, ¢a,). Then

- (¢as).

i J k
x(0a) =3 a5 B
pay  pay ¢a.
Expanding the determinant gives the components:
0 0
(V x (6))s = 5 (60.) = 5 (6u,)
0 0
(V x (6a))y = 5-(6as) = = (da)
0
dy

0
(V x (6a). = ~-(6m,) -
Using the product rule for differentiation,

9 9 da,

a—y(cbaz) = 8_yaz + ¢a—y7

and similarly for the other terms. Substitute to get
(09 oa., 0¢p Ja,
(V x (¢a)), = (a—yaz + qﬁa—y) <an + E)

(09 _8¢ 8az_%
_(8yaz 8zay>+¢<8y 82)’

and similarly for the y and z components.
Recognizing the terms, we write

V x (pa) = (Vo) x a+ ¢(V x a),

which completes the proof.

Some useful special cases of the relations in Table 10.1 are worth noting. If r is the
position vector relative to some origin and r = |r|, then

do .
Vo(r) = e
V- [6(r)r] = 36(r) + rd(f;:),
V() = A 28000,
V x [¢(r)r] = 0.

These results may be proved straightforwardly using Cartesian coordinates but far more
simply using spherical polar coordinates, which are discussed in subsection 10.9.2. Par-
ticular cases of these results are
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together with

V- (%) = -V? (%) = 476(r),

where 0(r) is the Dirac delta function.

3.3.2. Combinations of grad, div and curl

We now consider the action of two vector operators in succession on a scalar or vector
field. We can immediately discard four of the nine obvious combinations of grad, div and
curl, since they clearly do not make sense. If ¢ is a scalar field and a is a vector field,
these four combinations are V(V¢), V. (V -a), V X (V -a) and V(V X a). In each
case the second (outer) vector operator is acting on the wrong type of field, i.e., scalar
instead of vector or vice versa. In V(V¢), for example, grad acts on V¢, which is a
vector field, but we know that grad only acts on scalar fields (although in fact we will
see in Chapter 26 that we can form the outer product of the del operator with a vector
to give a tensor, but that need not concern us here). Of the five valid combinations of
grad, div and curl, two are identically zero, namely

V XVé=VxVeé=0, (10.37)
V.-Vxa=V-(Vxa)=0. (10.38)

From (10.37), we see that if a is derived from the gradient of some scalar function such
that a = V¢, then it is necessarily irrotational, i.e., V x a = 0. We also note that if a is
an irrotational vector field then another irrotational vector field is a + V¢ + ¢, where ¢
is any scalar field and c is a constant vector. This follows since

Vx(a+Vo+c)=Vxa+VxVp+Vxec=0,

where we used that V x V¢ = 0 and V x ¢ = 0 because c is constant. Similarly, from
(10.38) we may infer that if b is the curl of some vector field a such that b = V x a then
b is solenoidal (V-b = 0). Obviously, if b is solenoidal and c is any constant vector then
b + c is also solenoidal. The three remaining combinations of grad, div and curl are
D¢  0%¢ 0%

_v. 24
VVO=VVo=Vih—gh Gt

(10.39)

2 2 2 2 9 9
VV-a:V(v-a)z(aa” 0ay aaz)H(a% 0"ay 8az>.

0x? * 0xdy * 0x0z Oyox * oy? + Y0z

o*a, 0%,  O%a,
* (828x i 020y * 022 ) k, (1040)

VXxVxa=Vx(Vxa)=V(V-a)- Va, (10.41)

where (10.39) and (10.40) are expressed in Cartesian coordinates. In (10.41), the term
V2a has the linear differential operator V? acting on a vector (as opposed to a scalar as
in (10.39)), which of course consists of a sum of unit vectors multiplied by components.
Two cases arise.
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1. If the unit vectors are constants (i.e., they are independent of the values of the
coordinates) then the differential operator gives a non-zero contribution only when
acting upon the components, the unit vectors being merely multipliers.

2. If the unit vectors vary as the values of the coordinates change (i.e., are not constant
in direction throughout the whole space) then the derivatives of these vectors appear
as contributions to V3a.

Cartesian coordinates are an example of the first case in which each component satisfies
(V?a); = V3a,.
In this case, (10.41) can be applied to each component separately:
[V x (V x a)); = [V(V-a)]; — Va,. (10.42)

However, cylindrical and spherical polar coordinates come in the second class. For them,
(10.41) is still true, but the further step to (10.42) cannot be made. More complicated
vector operator relations may be proved using the relations given above.

Example: Show that
V- (Vo x Vi) =0,

where ¢ and v are scalar fields.
Solution: Recall the vector calculus identity:

V-(AxB)=B-(VxA)—A-(VxB),

where A and B are vector fields.
Let
A=V¢p, B=Vy.

Since the curl of a gradient is always zero,
VxV¢p=0 and V xVy =0.
Applying the identity:
V- (Vox V)=V (VxVe¢p)—Vo-(VxVy)=Vp-0-Ve¢-0=0.

Hence,

V- (Vo x Vi) = 0.
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